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FOURIER ANALYSIS FOR TYPE III
REPRESENTATIONS OF THE NONCOMMUTATIVE
TORUS
FRANCESCO FIDALEO
Abstract. For the noncommutative 2-torus, we define and study
Fourier transforms arising from representations of states with cen-
tral supports in the bidual, exhibiting a possibly nontrivial modu-
lar structure (i.e. type III representations).
We then prove the associated noncommutative analogous of
Riemann-Lebesgue Lemma and Hausdorff-Young Theorem. In ad-
dition, the Lp- convergence result of the Cesaro means (i.e. the
Fejer theorem), and the Abel means reproducing the Poisson kernel
are also established, providing inversion formulae for the Fourier
transforms in Lp spaces, p P r1, 2s.
Finally, in L2pMq we show how such Fourier transforms ”diago-
nalise” appropriately some particular cases of modular Dirac oper-
ators, the latter being part of a one-parameter family of modular
spectral triples naturally associated to the previously mentioned
non type II1 representations.
Dedicato a Maddalena Briamonte
1. introduction
The present paper is devoted to extend the Fourier analysis to non-
type II1 representations of the noncommutative 2-torus, that is when
the underlying ”measure” on the noncommutative manifold under con-
sideration is not the canonical trace. This would include also the type
II1 case when the underlying measure relative to the trace is deformed
by an inner, possibly unbounded, density.
The argument of the present paper falls into the standard lines of
investigation of operator algebras and noncommutative harmonic anal-
ysis, perhaps having many potential interactions with other branches of
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mathematics, and quantum physics. Due to the crucial role played by
the necessarily nontrivial modular data, such a topic can be viewed as
a generalisation of the analysis developed in [6] for the representation
of the noncommutative torus associated to the tracial state.
For the noncommutative 2-torus Aα, we have recently shown in [10]
that it is possible to construct explicitly type III representations, at
least when α is Liouville number. In addition, if α is one such number
with a faster approximation property by rationals, it is also possible to
construct modular spectral triples that, following [8], are obtained by
deforming the untwisted Dirac operator and the associated commutator
by using the Tomita modular operator which is neither bounded nor
inner.
As a quick introduction, we recall that the study of Connes’ non-
commutative geometry grew impetuously in the last decades in view of
several potential applications to mathematics and physics. The main
ingredient is the so-called spectral triple, which is the candidate to
encode the most important properties of the underlying “noncommu-
tative manifold”. For an exhaustive explanation of the fundamental
role played by the spectral triples in noncommutative geometry, the
reader is referred to the seminal monograph [7], the expository paper
[5], and the literature cited therein.
Having in mind such possible applications, the seminal paper [8] also
pursued the plane to exhibit twisted spectral triples for which the Dirac
operator and the associated derivation are deformed by directly using
the Tomita modular operator, provided the last is nontrivial. In that
definition of twisted spectral triple, also the Tomita conjugation plays
a role, which can be identified as a kind of ”charge conjugation” well
known in quantum physics. The twisted spectral triples considered in
the above mentioned paper were then called modular. It is also clear
that such modular spectral triples can play a role in constructing new
noncommutative geometries in a type III setting, by emphasising the
need to take the modular data into account.
One of the most studied examples in noncommutative geometry is
indeed the noncommutative 2-torus Aα (see e.g. [3]), since it is a quite
simple model, though highly nontrivial. It is related to the discrete
Canonical Commutation Relations, and can be considered as a quan-
tum deformation of the classical 2-torus T2, according to the angle
2πα entering in the definition of the symplectic form involved in the
construction. When α is irrational, the C˚-algebra Aα is simple and
admits a unique, necessarily faithful, trace τ . Such a trace represents
the natural noncommutative generalisation of the Lebesgue measure
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on the undeformed 2-torus T2. Therefore, the associated GNS repre-
sentation πτ gives rise to a von Neumann factor πτ pAαq
2, isomorphic
to the Murray-von Neumann hyperfinite type II1 factor, which can
be viewed as the noncommutative counterpart of the von Neumann
group algebra L8pT2, m ˆ mq, m being the Haar measure (i.e. the
normalised Lebesgue measure) on the unit circle. Hence, Aα is not a
type I C˚-algebra for irrational α, and therefore it must exhibit also
type II8 and III representations. The preliminary step to construct
explicit non type II1 representations of the noncommutative torus, and
consequently examples of modular spectral triples, was carried out in
[10].
In order to develop the Fourier analysis for these new models (i.e.
when the underlying ”measure” is not the canonical trace) associated to
the noncommutative torus, we introduce and investigate two essentially
different Fourier transforms naturally associated to the left and right
embeddings, which are particular cases of the ones
L8
`
πpAαq
2
˘
” πpAαq
2 ãÑ ιθ8,1
`
πpAαq
2
˘
Ă πpAαq
2
˚ ” L
1
`
πpAαq
2
˘
given in (3.1), due to the non-triviality of the modular structure. Here,
θ “ 0, 1 correspond indeed to the left and right embeddings, respec-
tively. Notice that our investigation appears new also for any represen-
tation of type II1 (including all examples treated in [8]) and II8, when
the modular group is non trivial, even if ”inner”.
Our construction can also be generalised to the noncommutative
deformation Aα of the d-dimensional torus T
d, α being a real skew-
symmetric d ˆ d-matrix (e.g. [6], Section 2.2), after constructing non
type II1 representations for such models, following the method devel-
oped in [10].
For such noncommutative examples of Fourier transforms, we prove
the analogous of Riemann-Lebesgue Lemma and Hausdorff-Young The-
orem. In addition, for p P r1, 2s we establish an inversion formula aris-
ing from the Cesaro mean, that is a noncommutative version of the
Fejer Theorem. Similar results can be obtained for the Abel average
which is associated with the Poisson kernel, and also for the other cases
mentioned in [6].
The last part of the present paper is devoted to a useful application
of the Fourier analysis developed here, to new modular spectral triples
for the noncommutative 2-torus. Firstly, for non type II1 cases, we ex-
tend the construction of deformed Dirac operators and corresponding
modular spectral triples in [10] to a one-parameter family for η P r0, 1s,
where the case η “ 0 is nothing but the one studied in the previous
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mentioned paper. Secondly, in L2pMq we show how such Fourier trans-
forms ”diagonalise” appropriately the particular cases of modular Dirac
operators, corresponding to η “ 0, 1{2, 1, part of such a one-parameter
family of modular spectral triples.
To conclude the introduction, we recall other interesting questions,
such as those listed in [6], which we leave open in the present analy-
sis, postponing them for a future possible investigation. Among them,
we mention the construction and the study of the noncommutative
Hardy spaces relative to the situations emerging from the present pa-
per. Other important problems are those connected to the spaces of the
so-called Fourier multipliers. Concerning the latter problem, we note
that the analysis developed in [6, 20] cannot be directly carried out
in the present situation, since the underlying states ω are constructed
only for very particular deformation angle α, deeply depending on that
angle, see [16] and [10], Section 3. Therefore, the deformation angle
α cannot be merely considered as a parameter, and a more refined
analysis should be used for the non type II1 cases in the sequel.
2. preliminaries
2.1. Notations. Let E be a normed space. We simply denote by } ¨ }
its norm whenever no confusion arises. In particular, }x} ” }x}H will
be the Hilbertian norm of x P H. For a continuous or measurable
function f defined on the locally compact space X equipped with the
Radon measure µ, }f} ” }f}8 will denote the “esssup” norm (or the
”sup” norm for f continuous) of the function f .
In such a situation, CbpXq will denote the C
˚-algebra consisting of all
bounded continuous functions defined on X , equipped with the natural
algebraic operations, and norm }f} ” }f}8 :“ supxPX |fpxq|. The
situation of a point-setX , together with the C˚-algebraBpXq “ CbpXq
of all bounded functions defined on X , is reduced to a particular case of
the previous one by considering X equipped with the discrete topology.
Let T :“ tz P C | |z| “ 1u be the abelian group consisting of the unit
circle. The dual topological group pT is isomorphic to the discrete group
Z. The corresponding Haar measures are the normalised Lebesgue
measure dm “ dz
2πız
“ dθ
2π
for z “ eıθ on the circle, and the counting
measure on Z, respectively.
The Fourier transform and anti-transform of a bounded signed Radon
measure µ P CpTq˚ are respectively defined as
pµpnq :“ ż
T
z´ndµpzq , qµpnq :“ ż
T
zndµpzq, n P Z.
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For f P L1pT, mq, its Fourier transform and anti-transform are usually
defined as those of the measure fdm:
pfpnq :“ ¿ fpzqz´n dz
2πız
, qfpnq :“ ¿ fpzqzn dz
2πız
, n P Z.
The symbolD denotes the derivative w.r.t. the natural argument z P T,
i.e. D ” d
dz
, and if z “ eıθ then d
dθ
“ ız d
dz
. In particular, if g P C1pTq,
d
dθ
gpeıθq “ ızDgpzq.
Let pX,Bq be a measurable space, together with two σ-additive pos-
itive measures µ and ν on the σ-algebra B. If µ dominates ν in the
sense of measures (e.g. [22], Section 6), we write ν ĺ µ. If ν ĺ µ and
µ ĺ ν, then µ and ν are equivalent as measures, and we write µ „ ν.
We also write X „ Y whenever two sets X and Y , equipped with the
same algebraic structure, are algebraically isomorphic. For example, if
A and B are involutive algebras (and in particular, C˚-algebras orW ˚-
algebras), we write A „ B if there exists a ˚-isomorphism ρ : A Ñ B
of A onto B.
For a function f , Mf denotes the multiplication operator acting on
functions g as Mfg :“ fg. For example, if f is a measurable function
on the measure space pX,B, νq, bounded almost everywhere, the mul-
tiplication operator Mf is the closed operator acting on L
2pX,B, νq
with domain
DMf :“
"
g P L2pX,B, νq |
ż
X
ˇˇ
fpxqgpxq
ˇˇ2
dνpxq ă `8
*
,
defined for g P DMf as
pMfgqpxq :“ fpxqgpxq, x P X.
If f : X Ñ X is an invertible map on a point-set X :
– f 0 :“ idX , and its inverse is denoted by f
´1;
– for the n-times composition, f n :“ f ˝ ¨ ¨ ¨ ˝ floooomoooon
n´times
;
– for the n-times composition of the inverse, f ´n :“ f ´1 ˝ ¨ ¨ ¨ ˝ f ´1looooooomooooooon
n´times
.
Therefore, f n : X Ñ X is meaningful for any n P Z with the above
convention, and provides an action of the group Z on the set X .
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2.2. Modular spectral triples. Concerning the usual terminology,
the main concepts and results in operator algebras theory such as the
Tomita modular theory and so forth, the reader is referred to [4, 24, 25]
and the reference cited therein.
Let A be a unital C˚-algebra. Denote by SpAq Ă A˚` the set of the
states, that is the positive and normalised functionals on the C˚-algebra
A.
Let ω P SpAq with spωq P ZpA˚˚q. For such states with central sup-
port in the bidual, it can be shown (e.g. [17]) that the cyclic vector
ξω P Hω is separating for πωpAq
2, pHω, πω, ξωq being the GNS represen-
tation of ω. Therefore,
Hω Q πωpaqξω ÞÑ πωpa
˚qξω P Hω
is well defined on the dense subset
 
πωpaqξω | a P A
(
Ă Hω, and
closable. The polar decomposition of its closure Sω, named the Tomita
involution, is usually written as Sω “ Jω∆
1{2
ω , where Jω and ∆ω are
the Tomita conjugation and modular operator, respectively. We also
report the useful relation (cf. [24], Section 2.12)
(2.1) Jωfp∆ωqJω “ f¯p∆
´1
ω q,
holding for each Borel function f on R`.
Here, we provide the definition of (even) modular spectral triple we
will use in the sequel, which is slightly different from the analogous one
in [8] and generalise Definition 2.4 in [10]. We refer the reader to [7]
and the references cited therein, for general aspects and some natural
applications of spectral triples.
Definition 2.1. For each η P r0, 1s, a modular spectral triple associated
to a unital C˚-algebra A is a triplet pω,A, Lqη, where ω P SpAq, A Ă A
is a dense ˚-algebra and L is a densely defined closed operator acting
on Hω satisfying the following conditions:
(i) spωq P ZpA˚˚q;
(ii) the deformed Dirac operator
D
pηq
L :“
ˆ
0 ∆η´1ω L∆
´η
ω
∆´ηω L
˚∆η´1ω 0
˙
acting on Hω‘Hω, uniquely defines a selfadjoint operator with
compact resolvent: D
pηq
L is densely defined essentially selfadjoint
with
ˆ
1`
´
D
pηq
L
¯2˙´1{2
compact;
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(iii) for each a P A, the deformed commutator
D
pηq
L
`
πωpaq
˘
:“ ı
ˆ
0 ∆η´1ω rL, πωpaqs∆
´η
ω
∆´ηω rL
˚, πωpaqs∆
η´1
ω 0
˙
uniquely defines a bounded operator: D
D
pηq
L
pπωpaqq
“ Hω ‘Hω
and
sup
 ››DpηqL `πωpaq˘ξ›› | ξ P DDpηq
L
pπωpaqq
, }ξ} ď 1
(
ă `8;
(iv) πωpAqDL Ă DL, πωpAqDL˚ Ă DL˚.
The closure of the Dirac operator in (ii) will be also denoted as D
pηq
L
with an abuse of notation.
Notice that, similarly to the untwisted case in order to study the
possibly associated Fredholm module (see e.g. [11]), condition (iv)
above is included only to make the commutators rL, πωpaqs, rL
˚, πωpaqs
appearing in (ii) directly meaningful.
2.3. The noncommutative 2-torus. We fix the noncommutative 2-
torus based on the deformation of the classical 2-torus T2, correspond-
ing to the rotation of the angle 4πα. The multiplicative factor 2 is
introduced only for a pure matter of convenience explained in [10]. In-
deed, for a fixed α P R, the noncommutative torus A2α associated with
the rotation by the angle 4πα, is the universal C˚-algebra with identity
I generated by the commutation relations involving two noncommuta-
tive unitary indeterminates U, V :
UU˚ “ U˚U “ I “ V V ˚ “ V ˚V,
UV “ e4πıαV U.
(2.2)
From now on, without loosing generality (cf. [3]) we also assume that
α P p0, 1{2q.
We express A2α in the so-called Weyl form. Let a :“ pm,nq P Z
2 be
a double sequence of integers, and define
(2.3) W paq :“ e´2πıαmnUmV n, a P Z2.
Obviously, W p0q “ I “ 1IA2α , and the commutation relations (2.2)
become
W paqW pAq “ W pa`Aqe2πıασpa,Aq,
W paq˚ “ W p´aq, a,A P Z2,
(2.4)
where the symplectic form σ is defined as
σpa,Aq :“ pmN ´Mnq, a “ pm,nq, A “ pM,Nq P Z2.
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We now fix a function f P BpZ2q, which we may assume to have finite
support. The element W pfq P A2α is then defined as
W pfq :“
ÿ
aPZ2
fpaqW paq.
The set
tW pfq | f is a function on Z2 with finite supportu
provides a dense ˚-algebra of A2α. Indeed, the relations (2.4) are trans-
ferred on the generators W pfq as follows:
W pfq˚ “W pf ‹q, W pfqW pgq “ W pf ‹ gq,
where
f ‹paq :“ fp´aq,
pf ‹ gqpaq “
ÿ
APZ2
fpAqgpa´Aqe´2πıασpa,Aq.
The deformed convolution above depends on the chosen number α.
Since such a number is fixed in the sequel, we simply denote that with
the ‹ symbol.
For irrational numbers α, we also recall that A2α is simple and has
a necessarily unique and faithful trace
τpW pfqq :“ fp0q, W pfq P A2α.
In this situation, by [3], Remark 1.7, any element A P A2α is uniquely
determined by its Fourier coefficients
(2.5) fpaq :“ τpW p´aqAq, a P Z2.
We note that, for each fixed n P Z, f pnqpmq :“ fpm,nq defines a se-
quence whose Fourier anti-transforms
}f pnqpzq :“ ÿ
mPZ
fpm,nqzm, z P T,
provides a sequence of continuous functions
!}f pnq | n P Z) Ă CpTq.
In order to obtain explicit type III representations of the noncom-
mutative 2-torus, we tacitly suppose that the deformation angle α is
irrational, satisfying sufficiently fast approximation properties by ra-
tionals, see below.
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2.4. Diffeomorphisms of the unit circle. The Liouville numbers,
denoted here as L-numbers, are necessarily irrational, and satisfy by
definition the fast approximation by rationals as follows.
(L) A Liouville number α P p0, 1q is a real number such that, for
each N P N the inequalityˇˇˇˇ
α´
p
q
ˇˇˇˇ
ă
1
qN
has an infinite number of solutions for p, q P N with gcdpp, qq “
1.
We also consider numbers satisfying the following faster approximation
by rationals, and denoted as UL-numbers.
(UL) A Ultra-Liouville number α P p0, 1q is a real number such that,
for each λ ą 1 and N P N, the inequalityˇˇˇˇ
α ´
p
q
ˇˇˇˇ
ă
1
λq
N
again admits an infinite number of solutions for p, q P N with
gcdpp, qq “ 1.
We refer the reader to [14, 23] for properties and details on such Liou-
ville numbers.
In order to construct states on A2α with a nontrivial modular struc-
ture, and then type III representations with associated nontrivial mod-
ular spectral triples, we consider an orientation-preserving C8-diffeo-
morphism (called simply ”a diffeomorphism”) f P C8pTq with the
rotation number (e.g. [13]) ρpf q “ 2α. By the theorem of Denjoy, f
is conjugate to the rotation R2α of the angle 4πα through an uniquely
determined homeomorphism hf of the unit circle satisfying hf p1q “ 1,
and
(2.6) f “ hf ˝ R2α ˝ h
´1
f .
In such a situation, T is defined as the ”square root” of f :
(2.7) T :“ hf ˝ Rα ˝ h
´1
f .
We note that
µf :“ phf q
˚m “ m ˝ h´1f ,
is the unique invariant measure, which is also ergodic, for the natural
action of f on T. For a Diophantine number α, it can be shown that hf
is indeed smooth, and thus µf „ m, the last denoting the normalised
Haar measure on the circle.
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For a Liouville number α, things are quite different. In fact, there
are diffeomorphisms as above for which the unique invariant measure
phf q
˚m is singular w.r.t. the Haar measure m: phf q
˚m K m.
Summarising, if α is Diophantine the construction in [10] produces
representations which are equivalent to the tracial one, leading to type
II1 von Neumann factors. Conversely, if α is a L-number, in [16] dif-
feomorphisms as above were constructed with the prescription that
πωpA2αq
2 „ L8pT, dθ{2πq⋉β Z
is a type II8, or IIIλ von Neumann factor for each λ P r0, 1s. Here,
β is the action induced on functions g on the unit circle by the corre-
sponding action of f on points: βpgq “ g ˝ f ´1. If in addition α is a
UL-number, then it is also possible to explicitly construct nontrivial
modular spectral triples for A2α, which fulfil the prescribed proper-
ties. The reader is referred to [7, 8] for the significance of the concept
of spectral triples and the modular ones in noncommutative geometry,
and ti [10] for the construction of nontrivial (i.e. non type II1) modular
spectral triples.
Another natural object associated to C1-diffeomorphisms of the unit
circle which plays a crucial role in constructing modular spectral triples,
is the so-called growth sequence tΓnpf q | n P Nu, defined as
Γnpf q :“ maxt}Df
n}8, }Df
´n}8u, n P N.
For smooth diffeomorphisms f of the circle conjugate to an irrational
rotation, it can be shown that Γnpf q cannot have a too wild behaviour
at infinity, see [29]. If α is Diophantine, then Γnpf q is bounded because
hf in (2.6) is smooth. For diffeomorphisms constructed in [16] for a
L-number α, it is shown in [10] that Γnpf q “ opnq, and Γnpf q “ oplnnq
if in addition α is a UL-number.
Consider g P BpZ2q such that W pgq P A2α. For k P N, l “ 0, 1, define
the following sequence of seminorms
ρk,l
`
W pgq
˘
:“ sup
nPZ
!
p|n| ` 1qk
›››Dl ´}gpnq ˝ R´n ˝ h´1f ¯›››
8
)
,
provided }gpnq ˝ R´n ˝ h´1f P C1pTq, n P Z. Define
Ao2α :“
"
W pgq | ρk,l
`
W pgq
˘
ă `8, k P N, l “ 0, 1
*
,
which was shown in [10], Section 11, to be a unital ˚-subalgebra of A2α,
stable under the entire functional calculus.
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2.5. States on the noncommutative 2-torus. As explained be-
fore, for α P p0, 1{2q being an irrational number, fix a diffeomorphism
f P C8pTq which we suppose to be always C8 without any specific
mention, satisfying (2.6). As previously pointed out, if α is a L-number
or a UL-number, it will be possible to construct among others, type
III representations and in addition nontrivial modular spectral triples,
respectively.
The starting point is to consider the unique homeomorphism hf sat-
isfying (2.6), together with the measure µ :“ m ˝ hf . Since
(2.8) µ „ µ ˝ Rn2α , n P Z,
it is shown in [10] that the state ω ” ωµ on A2α defined as
ωpW pfqq :“
ÿ
mPZ
qµpmqfpm, 0q
has central support in the bidual A˚˚2α: spωq P ZpA
˚˚
2αq. The GNS
representation pHω, πω, ξωq associated to ω is given by
Hω “ ℓ
2
`
Z;L2pT, mq
˘
,
pπωpW pfqqgqnpzq “
ÿ
lPZ
´|f plq ˝ h´1
T 2
˝ T 2n´l
¯
pzqgn´lpzq,
pξωqnpzq “ δn,0, z P T, n P Z,
where T is a ”square root” of f given in (2.7).
By (2.8), we have
m „ m ˝ f n, n P Z
(which of course holds true even for each C1-diffeomorphism), with
Radon-Nikodym derivative
(2.9) δnpzq :“
dm ˝ f n
dm
pzq “
zpDf nqpzq
f npzq
, z P T, n P Z.
The modular structure is then expressed as follows. With a P R, on
D
∆
a{2
ω
:“
"
x P Hω |
ÿ
nPZ
ż
T
δnpzq
a|xnpzq|
2dmpzq ă `8
*
we have for the modular operator:
p∆a{2ω xqnpzq “ δnpzq
a{2xnpzq, n P Z, z P T.
Concerning the modular conjugation, we get
pJωxqnpzq “ δnpzq
1{2x´npf npzqq, n P Z, z P T,
which is meaningful for each x P Hω.
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2.6. Operator spaces. We consider a normed space E equipped with
a sequence of norms on MnpEq, the spaces of the n ˆ n matrices with
entries in E, satisfying for x P MnpEq, y P MmpEq, a, b P Mn, n,m “
1, 2, . . . , the following properties:
(i) }axb}MnpEq ď }a}Mn}x}MnpEq}b}Mn,
(ii) }x‘ y}Mn`mpEq “ maxt}x}MnpEq, }y}MmpEqu.
Such a normed space, together with these sequence of norms, is said
to be an (abstract) operator space. Conversely, for a subspace E Ă A
of a C˚-algebra A, the norms on MnpEq inherited by the inclusions
MnpEq ĂMnpAq, automatically satisfy (i) and (ii) above, and therefore
E is a (concrete) operator space in a natural way. It is proved in [21]
that a normed space E, equipped with a sequence of norms on all
MnpEq, can be faithfully represented as a subspace of a C
˚-algebra if
and only if these norms satisfy (i) and (ii) above.
Let E be an operator space. The topological dual E˚ can be viewed
also as an operator space, when MnpE
˚q are equipped with the norms
given for f PMnpE
˚q by
}f}MnpE˚q :“ sup
 
}fpaq}Mnm | }a}MmpEq ď 1, m P N
(
.
Here, with a PMmpEq, the matrix fpaq is defined as
fpaqpi,jqpk,lq :“ fikpajlq, i, k “ 1, . . . , n, j, l “ 1, . . . , m.
Such an operator space E˚ is called in [2] the standard dual of E.
Let E, F be operator spaces. A linear map T : E Ñ F is said to be
completely bounded if for T b idMn :MnpEq ÑMnpF q we have
}T }cb :“ sup
n
››T b idMn›› ă `8.
Examples of linear maps which are bounded but not completely bounded,
can be easily exhibited, see e.g. Section 3.
3. on noncommutative Lp-spaces
We fix a normal faithful state ω on theW ˚-algebraM . The ˚-algebra
of analytic elements for the action of the modular group, that is that
formed by all elements for which R Q t ÞÑ σωt paq P M has a analytic
continuation to an entire function C Q z ÞÑ σωz paq P M (see e.g. [24])
is denoted by M8.
For θ P r0, 1s, consider the noncommutative Lp-spaces LpθpM,ωq “
L
p
θpMq, as ω is kept fixed. These can be constructed by complex inter-
polation by considering various embeddings M ãÑ M˚, one for each θ,
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see [9, 15, 26]. Here, θ “ 0, 1 correspond to the left and right embed-
dings
M Q x ÞÑ
"
ωp ¨xq
ωpx ¨ q
PM˚,
respectively. We also mention another equivalent way of approaching
Lp-spaces developed in [12].
The key-point for the construction of noncommutative Lp-spaces is
the modular theory (e.g. [24]), and complex interpolation (e.g. [1]). In
fact, for x PM the map
R Q t ÞÑ σωt pxqω “ ω
`
¨ σωt pxq
˘
PM˚
extends to a bounded and continuous map on the strip tz P C | ´1 ď
Impzq ď 0u, analytic in the interior. After putting L1θpMq :“ M˚ for
each θ P r0, 1s, L8θ pMq :“ ι
θ
8,1pMq „ M with the norm inherited
by that of M , and checking that the complex interpolation functor
Cθ based on such analytic functions coincides (equal norms) with the
standard one Cθ (see Theorem 1.5 in [15]), it is possible to define
L
p
θpMq :“ C
1{p
`
ιθ8,1pMq,M˚
˘
“ C1{p
`
ιθ8,1pMq,M˚
˘
, 1 ă p ă `8.
In such a way, for 1 ď p ď q ď `8 there are contractive embeddings
ιθq,p : L
q
θpMq ãÑ L
p
θpMq.
We also remark (cf. [9]) that one can equip the Lp-spaces with a natural
operator space structure arising from the canonical embeddings
ιθ8,1 b id :MnpMq Ñ MnpM˚q.
As stated in Proposition 3 in [9], ιθ8,1 is indeed completely bounded.
For the convenience of the reader, we provide some details about the
proof of such a result omitted in the original one.
Proposition 3.1. For each θ P r0, 1s, the embedding
(3.1) M Q x ÞÑ ιθ8,1pxq “ ω
`
¨ σω´ıθpxq
˘
PM˚
is a complete contraction.
Proof. By the Phragme´n-Lindelo¨f Theorem (e.g. [22], Theorem 12.8),
complete boundedness for the left and right embeddings (i.e. for θ “
0, 1) implies complete boundedness for all θ P r0, 1s. Therefore, we
reduce the matter to the left and right embeddings.
By considering the natural embeddingMmpMq Q y ÞÑ y‘0 PMnpMq
for n ě m, we can restrict to the cases where m “ n. Thus, in or-
der to check the complete boundedness, for each x, y P MnpMq and
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i, j, k, l “ 1, . . . , n we should compute the operator norm of the numer-
ical matrices L,R PMn2 whose entries are given by
Lpijq,pklq :“ ωpyjlxikq, Rpijq,pklq :“ ωpxikyjlq.
Concerning the second one, we easily get
R “
`
ω b idM
n2
˘
pxb yq,
and therefore
}R}M
n2
ď }x}MnpMq}y}MnpMq.
For the first one, we can straightforwardly see that there exist a per-
mutation (depending on n) σn of the set
p11q, . . . , p1nq, . . . , pn1q, . . . , pnnq „ 1, . . . , n2,
and therefore a selfadjoint unitary Vn acting on C
n2 such that
L “ Vn
`
ω b idM
n2
˘
py b xqVn.
For example, when n “ 2,
σ2 “
ˆ
1 2 3 4
1 3 2 4
˙
,
and for n “ 3,
σ3 “
ˆ
1 2 3 4 5 6 7 8 9
1 4 7 2 5 8 3 6 9
˙
.
Consequently, again
}L}M
n2
ď }x}MnpMq}y}MnpMq.

It is possible to show that such an operator space structure coincides
with the Pisier OH-structure (cf. [19]) at level of Hilbert spaces, that
is
C1{2
`
ιθ8,1pMq,M˚
˘
” L2pMq “ OHpHωq, θ P r0, 1s,
see [9], Theorem 5.
With such identifications, we have that the topological dual LpθpMq
1
is completely isomorphic to Lq1´θpMq in a canonical way, see [15, 9].
Such an operator space structure on the noncommutative Lp-spaces
obtained by interpolation arising by the various embeddings of M ”
L8pMq into M˚ ” L
1pMq as before, is called canonical.
To simplify the notations, we put for p, q P r1,`8s with q ě p,
iq,p :“ ι
0
q,p, jq,p :“ ι
1
p,q.
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For a P M , we denote with La and Ra its left and right embedding in
M˚, that is
La :“ ι
0
8,1paq “ i8,1paq, Ra :“ ι
1
8,1paq “ j8,1paq.
We note that it is also customary to equip M˚ with the operator space
structure arising from the various embeddings relative to θ P r0, 1s of
M into the predual of the opposite algebra pM˝q˚, see e.g. Section 2.1
of [6]. Denote by κθ8,1 : M ãÑ pM
˝q˚ such an embedding, and consider
the canonical identification o : M˚ Ñ pM
˝q˚ given by
opϕqpx˝q :“ ϕpxq, ϕ PM˚, x
˝ PM˝.
Apart from other things, this choice means to exchange the left with the
right embedding as follows: κθ8,1 “ o ˝ ι
1´θ
8,1 , see e.g. [15], Proposition
7.3, and [9], Proposition 3. With this choice, the embeddings κθ8,1
would not be completely bounded. To this aim, we prove the following,
probably known to the experts,
Proposition 3.2. For the Hilbert space H “ ℓ2pNq, the map potq´1 :
BpHq Ñ BpHq˝ is not completely bounded.
Proof. First we note that, in general, potq´1pxq “ x˝, provides the
canonical identification between M and M˝. Let now τ be the nor-
malised (i.e. taking value 1 on minimal projections) normal, semifinite,
faithful trace on BpHq. It is easily seen that BpHq˝ is ˚-isomorphic to
πτ pBpHqq
1, where the isomorphism is given by
T px˝q “ Jτπτ
`
otpx˝q
˘˚
Jτ .
With j :“ T ˝ potq´1 : BpHq Ñ πτ pBpHqq
1 given by jpxq “ Jτπτ pxq
˚Jτ ,
potq´1 would be completely bounded if and only if j were so. Consider
now the transpose map (cf. [27, 28]) θ : BpHq Ñ BpHq on numer-
ical matrices. On Hτ “ L
2pHq corresponding to all Hilbert-Schmidt
class operators acting on H “ ℓ2pNq, we define the unitary selfadjoint
operator
V x :“ θpxq, x P Hτ .
With In the identity operator on C
n, it is then straightforward to check
that `
j b idMn
˘
pxq “ pV b Inq
`
πτ ˝ θ b idMn
˘
pxq
`
V b Inq,
and therefore by [27], Theorem 1.2,››`j b idMn˘pxq››MnpBpHτ qq “ ››`θ b idMn˘pxq››MnpBpHqq “ n.
Hence, j cannot be completely bounded. 
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4. the fourier transform for the noncommutative torus
For each fixed ω P SpA2αq put M :“ πωpA2αq
2, the von Neumann
algebra generated by the GNS representation πω.
We are interested in states ω with central support in the bidual A˚˚2α,
that is the cyclic vector ξω is also separating for M .
Concerning a suitable definition of the Fourier transform for the
cases when the reference measure is not the trace, we have to un-
derstand what is the right replacement wkl P A2α of the ”characters”
peıθ1qkpeıθ2ql P CpT2q in the commutative case, where for the tracial case
correspond to UkV l. Another natural question is how to ”integrate”
w.r.t. the reference state. Indeed, for x P M and i8,1pxq, j8,1pxq the
left and right embedding respectively, for the definition of the Fourier
coefficients we have at least the following alternatives corresponding to
the left and the right embeddings of M into M˚:
ωpw˚klxq “xπωpxqξω, πωpwklqξωy,
ωpwklσ
ω
´ıpxqq “xπωpwklqξω, πωpx
˚qξωy.
In the second alternative, the choice not to consider the adjoint of the
chosen characters is only a matter of convenience, see Section 6. Such
a choice of the characters wkl may depend on the selected alternative.
Notice also that for the tracial cases and even for the commutative
case of CpT2q, these alternatives collapse to only one due to the tracial
property of the underlying ”measure”. In the cases we are managing
in the present section, one possible choice is reported as follows.
For T 2 “ f as in (2.7), put fkpm,nq :“ δm,0δn,k, glpm,nq :“ {phT 2qlpmqδn,0,
and define tukl | k, l P Zu Ă πωpA2αq, where
ukl :“ πω
`
W pfkqW pglq
˘
, k, l P Z.
We can embed such elements in Hω “
À
Z L
2pT, dmq by defining ekl :“
uklξω, obtaining
ekln pzq “ z
lδn,k, z P T, k, l P Z.
It is easily seen that
(4.1) xekl, ersy “ δk,r
¿
zl´s
dz
2πız
“ δk,rδl,s,
that is tekl | k, l P Zu Ă Hω ”
À
Z L
2pT, mq forms an orthonormal
system which is indeed a basis.
For ω P SpA2αq, we denote with an abuse of notation, again with ω
its vector state extension to all of M “ πωpA2αq
2:
ωpaq :“ ωξωpaq “ xaξω, ξωy, a P πωpA2αq
2.
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In addition, to make uniform the notation we write L10pMq “M˚, even
if L1θpMq “M˚, independently on θ P r0, 1s.
Definition 4.1. For x P M˚ “ L
1
0pMq of the form La, we define the
sequence pxpk, lq of the Fourier coefficients as
(4.2) pxpk, lq :“ ωpu˚klaq, k, l P Z.
Since
(4.3) |ωpu˚klaq| ď }La} “ }x}, k, l P Z,
(4.2) extends by continuity to all L10pMq, providing a sequence px P
ℓ8pZ2q.
We have the following noncommutative version of the Riemann-
Lebesgue Lemma.
Theorem 4.2. We have {L10pMq Ă c0pZ2q with }px}c0 ď }x}L1. In
addition, px “ 0ñ x “ 0.
Proof. By the definition of the Fourier coefficients, if x P L10pMq we see
that the double sequence px is uniformly bounded with }px}8 ď }x}.
Suppose now that px “ 0. This means that xpyq “ 0 on the set made
of elements y such that y˚ is of the form
y˚ “
ÿ
|r|,|s|ďn
arsurs,
which generate a norm-dense subset of πωpA2αq, and a ˚-weakly dense
subset of πωpA2αq
2 ” M . Since L10pMq ” M˚, by continuity we con-
clude that xpyq “ 0 for all y PM . Then x “ 0.
It remains to check that
lim
|k|,|l|Ñ`8
pxpk, lq “ 0.
In fact, for the total set tLurs | r, s P Zu, by (4.1),yLurspk, lq “ δk,rδl,s Ñ 0,
as |k|, |l| Ñ `8.
For generic x P L10pMq and ε ą 0, we choose a finite linear combina-
tions of the urs of the form
xε “
ÿ
|r|,|s|ďn
cr,sLurs,
such that }x´ xε} ă ε. Then
|pxpk, lq| ď |pxpk, lq ´ pxεpk, lq| ` | pxεpk, lq|
ď
ˇˇ
ωpu˚klpx´ xεq
ˇˇ
` | pxεpk, lq| ď ε` | pxεpk, lq| Ñ ε,
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because pxεpk, lq Ñ 0 as |k|, |l| Ñ `8 as noticed before.
The proof follows as ε ą 0 is arbitrary. 
Remark 4.3. Also for this case, it is not hard to show that {L10pMq (
c0pZ
2q.
For such a purpose, it is enough to consider the sequence of Dirichlet
kernels tDn | n P Nu Ă L
1pT, mq, and the associated functionals tXn |
n P Nu Ă L1pMq given by
Xn
`
πωpW pfqq
˘
:“
ż
T
`}f p0q ˝ h´1
T 2
˘
pzqDnpzqdmpzq.
Denoting by xDn the usual Fourier transforms of the Dn with an abuse
of the notation, the Fourier coefficients and the L1-norms of the Xn are
given by xXnpk, lq “ xDnplqδk,0
and }Xn}L1 “ }Dn}1, respectively. Reasoning as in [22], we have
}xXn}8 “ 1 for each n P N, but conversely }Xn}L1 Ñ `8. This leads
to a contradiction if we suppose that {L10pMq “ c0pZ2q.
Suppose now ξ P Hω “ L
2
0pMq. Then its left embedding xξ in
M˚ ” L
1
0pMq is given by
xξp ¨ q “ x ¨ ξ, ξωy,
and therefore its Fourier transform is given for k, l P Z, by
(4.4) pxξpk, lq “ xξpu˚klq “ xu˚klξ, ξωy “ xξ, uklξωy “ xξ, ekly.
Namely, the Fourier coefficients of xξ are precisely those arising from
the orthogonal expansion of ξ w.r.t. the orthonormal basis tekl | k, l P
Zu of Hω. Therefore,
(4.5) } pxξ}ℓ2 “ }ξ}L2,
that is the Fourier transform provides a unitary isomorphism when
restricted to L20pMq as expected.
For the Fourier transform of elements in L20pMq, we simply write
(4.6) pξpk, lq :“ pxξpk, lq “ xξ, ekly, ξ P Hω, k, l P Z.
We now pass to consider the extension of the Fourier transform to
Lp, p P p1, 2q. Indeed, by (4.3) which holds true for generic element
in L10pMq (cf. Theorem 4.2), and (4.5), we can define the Fourier
transform for p P r1, 2s and q its conjugate exponent (i.e. 1{p`1{q “ 1
with the convention 1{0 “ 8) by complex interpolation (cf. [15]),
Fp,q : L
p
0pMq Ñ ℓ
qpZ2q,
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which satisfies
}F}p,q :“ }Fp,q}BpLp,ℓqq ď 1, p P r1, 2s,
because of
}F}1,8 ď 1, }F}2,2 “ 1.
Concerning the involved completely bounded norms, we also have
Proposition 4.4. The Fourier transforms F, given in (4.2) for (a
norm dense set in) L10pMq and in (4.6) for L
2
0pMq, provide complete
contractions w.r.t. the canonical operator space structure for the non-
commutative Lp-spaces obtained by interpolation.
Proof. The case p “ 1 proceeds as follows. For any element f P
Mnpℓ
1pZ2qq, its operator norm is computed in the following way. As in
Section 2.6, with a P Mmpℓ
8pZ2qq and after defining fpaq PMnm by
fpaqpi,jqpk,lq :“ fikpajlq, i, k “ 1, . . . , n, j, l “ 1, . . . , m,
we have
}f}Mnpℓ1pZ2qq :“ sup
 
}fpaq}Mnm | }a}Mmpℓ8pZ2qq ď 1, m P N
(
.
Firstly, we note that such an element f uniquely defines a linear map
on Mbℓ8pZ2q given by F :“ idM b f , assuming the form
F paq :“
ÿ
α
fikpαqaα,
where we have denoted by α P Z2 a generic element of Z2. This provides
a bounded linear map
F : Mbℓ8pZ2q ÑMnpMq
with norm }F } ď }f}Mnpℓ1pZ2qq. In order to check its boundedness, we
proceed as follows.
For elements tξpiq, ηpiquni“1 Ă Hω, fix any orthonormal basis teru1ďrď2n
of any 2n-dimensional space K Ă Hω containing the vectors ξpiq, ηpiq,
i “ 1, . . . , n. Take a P Mbℓ8pZ2q. With arspαq :“ xaαer, esy, the
matrix
`
arspαq
˘
αPZ2, 1ďr,sď2n
defines an element a˜ P M2npℓ
8pZ2qq with
norm less than that of a. As usual, we also denote with fpaq the
2n2 ˆ 2n2 matrix with entries given by
fpaqpirq,pjsq :“
ÿ
αPZ2
fijpαqparspαqq, r, s P N, i, j “ 1, . . . , n.
The elements tξpiq, ηpiquni“1 Ă Hω with components ξrpiq :“ xξpiq, ery,
ηrpiq :“ xηpiq, ery w.r.t. the previous orthonormal basis, define vectors
ξ˜, η˜ P Cn b C2n „ C2n
2
with components
ξ˜ir :“ ξrpiq, η˜ir :“ ηrpiq, 1 ď r ď n, i “ 1, . . . , n.
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We computeˇˇˇˇ nÿ
i,j“1
xF paqξi, ηjy
ˇˇˇˇ
“
ˇˇˇˇ ÿ
i,j,α
fijpαqxaαξi, ηjy
ˇˇˇˇ
“
ˇˇˇˇ ÿ
i,j;r,s
ˆÿ
α
fijpαqarspαq
˙
ξrpiqηspjq
ˇˇˇˇ
“|xfpaqξ˜, η˜y| ď }fpaq}}ξ˜}}η˜} ď }f}Mnpℓ1pZ2qq}a˜}}ξ˜}}η˜}
ď}f}Mnpℓ1pZ2qq}a}Mbℓ8pZ2q
ˆ nÿ
i“1
}ξi}
2
˙1{2ˆ nÿ
i“1
}ηi}
2
˙1{2
,
and the assertion follows.
Fix now f P Mnpℓ
1pZ2qq, which can be supposed to have finite sup-
port, such that }f}Mnpℓ1pZ2qq ď 1. After noticing that tuαuαPZ2 gives rise
to an element u P Mbℓ8pZ2q with unit norm, we consider a generic
element Lx PMmpM˚q for x PMmpMq and compute
f
`
F1,8pLxq
˘
pi,jqpk,lq
“
ÿ
α
fjlpαqωpu
˚
αxikq “ ω
˜ˆÿ
α
fjlpαqu
˚
α
˙
xik
¸
“ω
`
F pu˚qjlxik
˘
“ Lxik
`
F pu˚qjl
˘
.
Thus, by reasoning as in the proof of Proposition 3.1, we have››f`F1,8pLxq˘››Mmn ď }Lx}MmpL1q }F } “ }Lx}MmpL1q .
By taking the supremum on the r.h.s. for f in the unit ball ofMnpℓ
1pZ2qq
and on n, we obtain the assertion by noticing that elements of the type
Lx as above provide a set dense in norm of MnpM˚q.
For the case p “ 2, pick ξ P MnpHωq and consider the matrices
xξ, ξy, xpξ, pξy PMn2 whose entries are given by
xξ, ξypi,kq,pj,lq :“ xξij, ξkly, xpξ, pξypi,kq,pj,lq :“ xxξij,xξkly.
After denoting by Pv the orthogonal projection onto the one dimen-
sional subspace spanned by the vector v P Hω, by (4.4) we compute
xxξij,xξkly “ ÿ
m,nPZ
xξij, e
mnyxemn, ξkly “
ÿ
m,nPZ
xPemnξij, ξkly
“
Bˆ ÿ
m,nPZ
Pemn
˙
ξij, ξkl
F
“ xξij, ξkly, i, j, k, l P Z,
because the emn provide a basis for Hω, and thus
`ř
m,nPZ Pemn
˘
Ò IHω
in the strong operator topology. Consequently, }xpξ, pξy}M
n2
“ }xξ, ξy}M
n2
and therefore }F}
pcbq
2,2 “ 1 by [9], Proposition 1. 
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Remark 4.5. When p “ 2, we have proved that F2,2 is indeed a
complete isometry between the canonical operator space structures of
L20pMq and ℓ
2pZ2q, both coinciding with the Pisier OH-structure (cf.
[19]), see [9], Theorem 5.
Summarising, we have the noncommutative version of the Hausdorff-
Young Theorem in our setting.
Theorem 4.6. Let p P r1, 2s with q P r2,`8s its conjugate exponent.
The Fourier transform restricts to a complete contraction
Fp,q : L
p
0pMq Ñ ℓ
qpZ2q,
which is indeed a complete isometry for p “ 2.
Proof. By Proposition 4.4, the assertion follows as Cθ “ C
θ (equal
norms, Theorem 1.5 in [15]), and Theorem 2 in [9]) provide exact in-
terpolation functors, see e.g. [1], Theorems 4.1.2 and 4.1.4. 
Notice that the last theorem can be viewed as a noncommutative
version of the Riesz-Thorin Theorem.
The computation explained above allows to consider the noncom-
mutative version of the Hausdorff-Young Theorem for the Fourier anti-
transform defined as follows. In fact, fix any element f P ℓ1pZ2q and
define qf PM given by
(4.7) qf :“ ÿ
k,lPZ
fpk, lqukl.
The definition for the Fourier anti-transform for p “ 2 proceeds as
follows. For each f P ℓ1pZ2q we consider the maps, the latter being the
left embedding of M in Hω:
f P ℓ1pZ2q ÞÑ qf PM ÞÑ qfξω “ ÿ
k,lPZ
fpk, lqekl P Hω.
Therefore, ℓ2pZ2q Q f ÞÑ qf P Hω assumes the formqf :“ ÿ
k,lPZ
fpk, lqekl.
Concerning the Lp-spaces, p P r2,`8s, the Fourier anti-transform is
then associated to the left embedding of M inside M˚.
Denoting by T such a Fourier anti-transform, we have
Proposition 4.7. The Fourier anti-transforms T1,8 and T2,2 are well
defined as complete contractions w.r.t. the canonical operator space
structures for the noncommutative (left) Lp-spaces obtained by interpo-
lation.
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Proof. For the case p “ 1, we proceed as in Proposition 4.4. Firstly we
note that, if f P ℓ1pZ2q then
} qf}L8 “ ›››› ÿ
αPZ2
fpαqua
›››› ď ÿ
αPZ2
|fpαq| “ }f}ℓ1,
and therefore the Fourier anti-transform is well defined as a bounded
map between ℓ1pZ2q and L8pMq.
To check complete boundedness, fix f PMnpℓ
1pZ2qq and g PMmpM˚q
with }g}MmpM˚q ď 1, With F as before, after recalling that }F } ď }f},
we compute
gp qfqpi,jqpk,lq “ gjlˆÿ
α
fikpαquα
˙
“ gjl
`
F puqik
˘
.
Therefore, }gp qfq}Mnm ď }f}Mnpℓ1pZ2qq that is T1,8 is completely bounded.
For p “ 2, with f P ℓ2pZ2q we compute
x|fik,|fjly “
C ÿ
m,nPZ
fikpm,nqe
mn,
ÿ
r,sPZ
fjlpr, sqe
rs
G
“
ÿ
m,n;r,sPZ
fikpm,nqfjlpr, sqxe
mn, ersy
“
ÿ
m,n;r,sPZ
fikpm,nqfjlpr, sqδm,rδn,s “ xfik, fjly.
Therefore, T2,2 is a complete isometry concerning the left embedding.

Theorem 4.8. Let p P r1, 2s with q P r2,`8s its conjugate exponent.
The Fourier anti-transform extends to a complete contraction
Tp,q : ℓ
ppZ2q Ñ Lq0pMq,
which is indeed a complete isometry for p “ 2.
Proof. The proof follows analogously to that of Theorem 4.6, by taking
into account Proposition 4.7. 
5. the noncommutative version of the Fejer theorem
In our context, we provide a noncommutative version of the Fejer
Theorem based on the Cesaro mean of the Fourier coefficients. By using
a suitable version of the so-called ”transference method”, we reduce the
matter to the classical convolution with the Fejer kernel on T2 as for
the classical (e.g. [18]) and the tracial (cf. [6]) cases. We also get the
same result for the Abel mean of the Fourier coefficients by reducing
the matter to the convolution with the Poisson kernel, and argue that
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our analysis can be used to manage all cases listed in Section 3 of [6]
and many others. All such cases will provide inversion formulas for the
Fourier transform in Lp-spaces, p “ r1, 2s, arising from non type II1
representations (and also for type II1 ones when the modular operator
is not trivial including the cases treated in [8]) of the noncommutative
2-torus.
We start by noticing that the usual transference method, used in
[6] for the tracial case, cannot be directly applied to the situations
under consideration. This is because the 2-parameter group of ˚-
automorphisms of A2α determined by
A2α Q pU, V q ÞÑ pzU, wV q P A2α, z, w P T,
does not leave invariant the reference state ω. Yet, we can get the
expected result, even for the situation studied in the present paper.
Consider the action of Z on L8pT, mq generated by the powers of
the ˚-automorphism β given by
βpHqpzq :“ Hpf ´1pzqq, H P L8pT, mq, z P T.
The ˚-isomorphism
πωpA2αq
2 „ L8pT, mq⋉β Z
is realised as follows (cf. [10], Section 6). Let πo : L
8pT, mq Ñ
πωpA2αq
2 be the injective ˚-homomorphism given by
πopHqn :“Mβ´npHq “MH˝f n, H P L
8pT, mq, n P Z,
whereMh is the multiplication operator for the function h. In addition,
for the shift pλHqn :“ Hn´1, n P Z, we have
λkπopHqλ
´k “ πo
`
βkpHq
˘
, k P Z.
Therefore, πωpA2αq
2 is generated by the πopHq and the powers of λ:
πωpA2αq
2 “
" ÿ
|k|ďl
πopHkqλ
k | Hk P L
8pT, mq, l P N
*2
,
see e.g. [25], Section X.1, or [4], Section 2.7.1.
Now, let x “
ř
k πopHkqλ
k be a linear generator of M “ πωpA2αq
2
with
xn “
ÿ
k
MHk˝f nλ
k, n P Z.
For w “ pw1, w2q P T
2, we consider the following maps ρw defined on
such generators of M by
(5.1) ρw
ˆÿ
k
MHk˝f nλ
k
˙
:“
ˆÿ
k
wk2MHk˝f n˝Rw1λ
k
˙
,
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where for w P T, Rw denotes, with an abuse of notation, the map
Rwpzq :“ wz, z P T.
Proposition 5.1. The maps (5.1) extend to ˚-automorphisms of πωpA2αq
2.
In addition, they uniquely define contractions
ρpp,0q
w
: Lp0pMq Ñ L
p
0pMq, 1 ď p ă `8,
satisfying
(5.2) iq,pρ
pq,0q
w
“ ρpp,0q
w
iq,p, 1 ď p ď q ď `8.
Proof. Notice that ρw “ ρ1,w1ρ2,w2 “ ρ2,w2ρ1,w1, where
ρ1,w
ˆÿ
k
MHk˝f nλ
k
˙
:“
ˆÿ
k
MHk˝f n˝Rwλ
k
˙
,
ρ2,w
ˆÿ
k
MHk˝f nλ
k
˙
:“
ˆÿ
k
wkMHk˝f nλ
k
˙
.
It is easily seen that ρ2,w define automorphisms of M . By Theorem
X.1.7 in [25], ρ1,w also define automorphisms of M .
The pre-transpose map
tρw :“ ρ
t
w
rM˚,
also defines an isometry of M˚ “ L
1
0pMq satisfying
tρwrM“ ρw,
because M „ i8,1pMq ” LM “ L
8
0 pMq Ă L
1
0pMq. Therefore, by
interpolation (cf. [1]), ρw define contractions
ρpp,0q
w
: Lp0pMq Ñ L
p
0pMq
satisfying (5.2). 
We note that it is possible to verify by direct inspection that the
ρ
p2,0q
w are isometric isomorphisms. Indeed, if x P
À
Z L
2pT, mq, for
w “ pw1, w2q P T
2 we get››ρp2,0q
w
pxq
››2 “ ÿ
nPZ
ż
T
ˇˇ
wn2xnpw1zq
ˇˇ2
dmpzq “
ÿ
nPZ
ż
T
ˇˇ
xnpzq
ˇˇ2
dmpzq “ }x}2.
The following results are crucial in the sequel.
Lemma 5.2. Let x P Lp0pMq, and w “ pw1, w2q P T
2, then{
ρ
pp,0q
w pxqpk, lq “ w
´l
1 w
´k
2 pxpk, lq, k, l P Z.
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Proof. If p ą 1, one has (and it can be taken as the definition of the
Fourier transform for p ą 2)
pxpk, lq “ {ip,1pxqpk, lq “ ip,1pxqpu˚klq,
where if x PM “ L80 pMq, px “ xLx ” {i8,1pxq. Thus, we can restrict the
analysis to p “ 1.
For such a purpose, for each x P L10pMq and ε ą 0, we take xε P M
such that }x´ i8,1pxεq} ă ε. As ε is arbitrary andˇˇ
w´l1 w
´k
2 pxpk, lq´ {ρp1,0qw pxqpk, lqˇˇ ď ˇˇpxpk, lq ´ {i8,1pxεqpk, lqˇˇ
`
ˇˇ
w´l1 w
´k
2
{i8,1pxεqpk, lq ´ {ρp1,0qw pi8,1pxεqqpk, lqˇˇ
`
ˇˇ {
ρ
p1,0q
w pi8,1pxεqqpk, lq ´
{
ρ
p1,0q
w pxqpk, lq
ˇˇ
ď}x´ i8,1pxεq}1
`
ˇˇ
w´l1 w
´k
2
{i8,1pxεqpk, lq ´ {ρp1,0qw pi8,1pxεqqpk, lqˇˇ
`
››ρp1,0q
w
`
i8,1pxεq ´ x
˘››
1
ď2ε`
ˇˇ
w´l1 w
´k
2
{i8,1pxεqpk, lq ´ {ρp1,0qw pi8,1pxεqqpk, lqˇˇ,
the assertion will follow if we prove it for the generators of L1pMq “M˚
of the form La ” i8,1paq. We first note that
(5.3) ρwpuklqξω “ w
l
1w
k
2uklξω,
and then {
ρ
p1,0q
w
`
La
˘
pk, lq “La
`
ρwpuklq
˚
˘
“ xaξω, ρwpuklqξωy
“w´l1 w
´k
2 xaξω, uklξωy “ w
´l
1 w
´k
2
xLapk, lq.

Proposition 5.3. For each 1 ď p ď 2, we get
Lp´lim
wÑ1
ρpp,0q
w
x “ x, x P Lp0pMq.
Proof. For x P L20pMq „ Hω “ ‘nPZL
2pT, dmq, we get by the Lebesgue
dominated convergence theorem,››ρp2,0q
w
x´ x
››2
2
“
ÿ
nPZ
ż
T
dmpzq
ˇˇ
wn2xnpw
1
1zq ´ xnpzq
ˇˇ2
Ñ 0,
as w Ñ 1 ” p1, 1q P T2. Thus, the result holds true for p “ 2. For
1 ď p ă 2 and ε ą 0, let now x P Lp0pMq. As i2,ppL
2q is dense in
each such Lp-spaces, we pick xε P L
2
0pMq such that }x´ i2,ppxεq}p ă ε.
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Again by Proposition 5.1, we also have
››ρpp,0qw px ´ i2,ppxεqq››p ă ε for
each w P T2. We then compute by the Holder inequality,
››ρpp,0q
w
x´ x
››
p
ă2ε`
››ρpp,0q
w
pi2,ppxεqq ´ i2,ppxεq
››
p
ď2ε`
››i2,p`ρp2,0qw pxεq ´ xε˘››p
ď2ε`
››ρp2,0q
w
xε ´ xε
››
2
.
As ε ą 0 is arbitrary, by the previous part
››ρpp,0qw x´ x››p Ñ 0 whenever
wÑ 1. 
Here, there is the noncommutative version of the Fejer theorem in our
context. It will provide an inversion formula for the Fourier transform
for 1 ď p ď 2.
Theorem 5.4. Let 1 ď p ď 2 and x P Lp0pMq. Then we get,
Lp´ lim
NÑ`8
ÿ
|k|,|l|ďN
ˆ
1´
|k|
N ` 1
˙ˆ
1´
|l|
N ` 1
˙pxpk, lqi8,ppuklq “ x.
Proof. We first prove that, for each fixed x P Lp0pMq and N “ 1, 2, . . . ,
ÿ
|k|,|l|ďN
ˆ
1´
|k|
N ` 1
˙ˆ
1´
|l|
N ` 1
˙pxpk, lqi8,ppuklq
“
ż
T2
dmpw1qdmpw2qΦN pw1qΦNpw2qρ
pp,0q
w1,w2
pxq,
where ΦN is the Fejer kernel. By a standard 3ε-argument, it is enough
to check the identity for the total set (in Lp0pMq
1 „ Lq1pMq, q being
the conjugate exponent) of elements of the type j8,qpu
˚
rsq, r, s P Z. By
Lemma 5.2,
ρpp,0qw1,w2pxq
`
j8,qpu
˚
rsq
˘
“
{
ρ
pp,0q
w1,w2pxqpr, sq “ w
´s
1 w
´r
2 pxpr, sq,
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and thusż
T2
dmpw1qdmpw2qΦN pw1qΦNpw2qρ
pp,0q
w1,w2
pxq
`
j8,qpu
˚
rsq
˘
“pxpr, sq ż
T
dmpw1qΦN pw1qw
´s
1
ż
T
dmpw2qΦNpw2qw
´r
1
“xΦNprqxΦN psqpxpr, sq
“
ˆ
1´
|r|
N ` 1
˙ˆ
1´
|s|
N ` 1
˙pxpr, sq
“
ÿ
|k|,|l|ďN
ˆ
1´
|k|
N ` 1
˙ˆ
1´
|l|
N ` 1
˙pxpk, lqωpu˚rsuklq
“
ÿ
|k|,|l|ďN
ˆ
1´
|k|
N ` 1
˙ˆ
1´
|l|
N ` 1
˙pxpk, lqi8,ppuklq`j8,qpu˚rsq˘.
The proof now follows by Proposition 5.3 as the Fejer kernel ΦN pzq is
an approximate identity (e.g. [18]) on T. 
We report the following generalisation corresponding to the Abel
mean associated to the Poisson kernel, whose proof is completely anal-
ogous to the previous one. The details relative to the remaining cases
in [6] are left to the reader.
Theorem 5.5. Let 1 ď p ď 2 and x P Lp0pMq. Then we get,
Lp l´im
rÒ1
ÿ
k,lPZ
r|k|`|l|pxpk, lqi8,ppuklq “ x.
Proof. We note that, as before,ÿ
k,lPZ
r|k|`|l|pxpk, lqi8,ppuklq
“
ż
T2
dmpw1qdmpw2qPrpw1qPrpw2qρ
pp,0q
w1,w2
pxq,
where Pr, 0 ď r ă 1 is the Poisson kernel, which is again an approxi-
mate identity on T. The assertion follows again by Proposition 5.3. 
6. an alternative definition of the fourier transform
Even if it is still unclear how to construct a one-parameter group of
Fourier transforms, one for each embedding in (3.1) of M in its predual
M˚, we are able to provide an alternative definition of the Fourier
transform, which is essentially associated to the right embedding
M Q aÑ j8,1paq “ Ra PM˚,
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in the following way.
Definition 6.1. For x P M˚ “ L
1
1pMq of the form Ra, we define the
sequence uxpk, lq of the Fourier coefficients as
(6.1) uxpk, lq :“ ωpauklq, k, l P Z.
It is immediate to check that, for a PM we getŇLapk, lq “ ωpuklaq ‰ ωpu˚klaq “ xLapk, lq,xRapk, lq “ ωpau˚klq ‰ ωpauklq “ ŇRapk, lq.
This simply means that, for general f P M˚ “ L
1
0pMq “ L
1
1pMq and
k, l P Z, we get pfpk, lq “ fpu˚klq ‰ fpuklq “ ufpk, lq.
For p “ 2, suppose for simplicity that ξ P D
∆
1{2
ω
. Then
L11pMq Q xξ :“ j2,1pξq “ x ¨∆
1{2
ω ξ, ξωy.
Therefore, for k, l P Z we obtain by Jω∆
1{2
ω “ ∆
´1{2
ω Jω (cf. (2.1)),
(6.2) uxξpk, lq “ xukl∆1{2ω ξ, ξωy “ xξ, Jωekly,
which is meaningful for all ξ P Hω.
By putting
ǫkl :“ Jωe
kl, k, l P Z,
we note that the ǫkl still provide an orthonormal basis for Hω as the
conjugation Jω is an anti-unitary involution. For the Fourier transform
(6.2) of a generic vector ξ P Hω, we putuξpk, lq :“ xξ, ǫkly, k, l P Z.
The corresponding Fourier anti-transform
f P ℓ1pZ2q Ñ f˘ PM “ L81 pMq,
that is the analogous of (4.7), is defined as
(6.3) f˘ :“
ÿ
k,lPZ
fpk, lqu˚kl.
By taking into account
L81 pMq “M Q a ãÑ ∆
1{2
ω aξω P Hω “ L
2
1pMq
and Jω∆
1{2
ω “ ∆
´1{2
ω Jω as before, for the Fourier anti-transform
f P ℓ2pZ2q Ñ f˘ P L21pMq,
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we obtain
f˘ “
ÿ
k,lPZ
fpk, lq∆1{2ω u
˚
klξω “
ÿ
k,lPZ
fpk, lqǫkl, k, l P Z.
Therefore, the Fourier anti-transform˘ is also a (complete) unitary
equivalence at level of Hilbert spaces as expected.
From the last consideration, compared with the analogous one (4.4),
we can recognise why p and u are associated to the left and right em-
bedding of M in M˚, respectively.
As noticed before, it is still unclear how we can interpolate between
both definitions to obtain a one-parameter of Fourier transforms asso-
ciated to the other embeddings ιθ8,1 :M ãÑM˚, θ P p0, 1q.
Also for this case of the Fourier transform u and the corresponding
anti-transform˘, the Riemann-Lebesgue Lemma (cf. Theorem 4.2), the
Hausdorff-Young inequality (cf. Theorem 4.6), and finally Theorem 4.8
hold true. We leave the details of the proofs to the reader.
The corresponding results analogous to Theorem 5.4 and Theorem
5.5 hold true as well. For this situation, we report the crucial details
of the proof.
Theorem 6.2. Let 1 ď p ď 2 and x P Lp0pMq. Then
Lp´ lim
NÑ`8
ÿ
|k|,|l|ďN
ˆ
1´
|k|
N ` 1
˙ˆ
1´
|l|
N ` 1
˙uxpk, lqj8,ppu˚klq “ x,
Lp l´im
rÒ1
ÿ
k,lPZ
r|k|`|l|uxpk, lqj8,ppu˚klq “ x.
Proof. With ρ
pp,1q
w : L
p
1pMq Ñ L
p
1pMq the extension of the ˚-automorphism
in (5.1) to the right Lp-spaces, by (5.3) we check for x “ j8,ppaq,
ρpp,1qw1,w2pxq
`
i8,qpursq
˘
“
Ŕ
ρ
pp,1q
w1,w2pxqpr, sq “ xaρwpursqξω, ξωy
“ws1w
r
2xaursξω, ξωy “ w
s
1w
r
2uxpr, sq.
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Therefore, by a standard 3ε-argument, we argue that for a generic
x P Lp1pMq, ÿ
|k|,|l|ďN
ˆ
1´
|k|
N ` 1
˙ˆ
1´
|l|
N ` 1
˙uxpk, lqj8,ppu˚klq
“
ż
T2
dmpw1qdmpw2qΦNpw1qΦN pw2qρ
pp,1q
w´11 ,w
´1
2
pxq,ÿ
k,lPZ
r|k|`|l|uxpk, lqj8,ppu˚klq
“
ż
T2
dmpw1qdmpw2qPrpw1qPrpw2qρ
pp,1q
w´11 ,w
´1
2
pxq.
Then the assertions follow analogously to those of the corresponding
results in the previous section. 
We compare the definitions of the Fourier transforms in the present
paper with the original ones concerning the situation associated to the
canonical trace, and for the commutative situation CpT2q correspond-
ing to the case when the deformation angle α is zero.
Suppose that A P A2α. By taking into account our definitions of the
Fourier transform and that in (2.5), for x :“ Lπτ pAq “ Rπτ pAq P πτ pA2aq
2
˚
we get pxpk, lq “e2πıαklτ`W p´l,´kqA˘,uxpk, lq “e´2πıαklτ`W pl, kqA˘,
where the Weyl operators W pm,nq are defined in (2.3).
The classical case corresponds to α “ 0, that is A0 „ CpT
2q, and
the underlying measure corresponds to the Haar one m ˆm “ dθ1dθ2
4π2
.
In this situation, each element in L1pMq uniquely corresponds to a
(equivalence class of) function f in L1pT2, mˆmq:
L1pMq Q x ” fx P L
1pT2, mˆmq „ L1pMq.
Therefore, we get
pxpk, lq “ ż
T2
fx
`
eıθ1 , eıθ2
˘
e´ıplθ1`kθ2q
dθ1dθ2
4π2
“ pfxpl, kq,
uxpk, lq “ ż
T2
fx
`
eıθ1 , eıθ2
˘
eıplθ1`kθ2q
dθ1dθ2
4π2
“ qfxpl, kq,
where pf and qf denote the classical Fourier transform and anti-transform
of f P L1pT2, mˆmq.
We end the present section by noticing the following fact arising
by algebraic similarities. Even if there is no reasonable motivation
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to consider A2α as a group-like quantum object with Z
2 as its ”dual
object”, we can consider the map (6.3) as a Fourier transform from
ℓ1pZ2q to M , whose corresponding anti-transform M˚ Ñ ℓ
8pZ2q is
given by (6.1). This alternative way to see the emerging situation does
not cause any trouble.
7. deformed dirac operators and modular spectral
triples
The present section is devoted to defining a one-parameter family of
modular spectral triples for each η P r0, 1s, extending the ones defined
in Section 9 of [10]. As an application of the previous analysis, we show
how the Fourier transforms defined here, allow us to ”diagonalise” the
corresponding Dirac operators Dpηq, η “ t0, 1{2, 1u.
For a fixed diffeomorphism f of the unit circle T with growth se-
quence Γnpf q as in Section 2.4, we start with an undeformed Dirac
operator by putting
Dn “
ˆ
0 Ln
L˚n 0
˙
:“
ˆ
0
`
ız d
dz
´ anI
˘`
´ız d
dz
´ anI
˘
0
˙
,
with a0 “ 0 and
an :“ signpnq
|n|ÿ
l“1
1
Γ
l´ 1´signpnq
2
pf q
, n P Zzt0u.
Here,
signpnq :“
"
´1 if n ă 0,
1 if n ě 0,
and L “
À
nPZ
`
ız d
dz
´ anI
˘
is precisely the operator appearing in Defi-
nition 2.1 of the modular spectral triple. To simplify notation, we drop
the subscript ”L” in the foregoing analysis.
Consider the Sobolev-Hilbert space
H1pTq :“
 
f P ACpTq | f 1 P L2pT, mq
(
,
where ACpTq denotes the set of all absolutely continuous complex val-
ued functions on the unit circle.
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For η P r0, 1s and δn as in (2.9), we can define deformed Dirac Oper-
ators as
Dpηq “
à
nPZ
ˆ
0 Mδη´1n LnMδ´ηn
Mδ´ηn L
˚
nMδη´1n 0
˙
“
à
nPZ
Dpηqn “
ˆ
0 ∆η´1ω L∆
´η
ω
∆´ηω L
˚∆η´1ω 0
˙
,
on their natural domain
D :“
"
ξ P
à
nPZ
H1pTq ‘H1pTq |
ÿ
nPZ
}Dpηqn ξn}
2 ă `8
*
.
As explained in [10], each D
pηq
n is invertible with bounded inverse, after
defining for n “ 0,
pD
pηq
0 q
´1 :“ pD
pηq
0 q
´1PKKerpDpηq0 q
.
In addition, each pD
pηq
n q´1 is compact.
By following the lines of Theorem 9.1 of [10], we get
Proposition 7.1. If Γnpf q “ oplnnq, then for each η P r0, 1s, D
pηq has
compact resolvent.
Proof. For the inverses pD
pηq
n q´1, which are all compact operators, we
have for each n P Z,
pDpηqn q
´1 “
ˆ
0 M
δ
1´η
n
pL˚nq
´1Mδηn
MδηnL
´1
n Mδ1´ηn 0
˙
.
Suppose now Γnpf q “ oplnnq. By following the same computations in
the above mentioned theorem, we get for |n| sufficiently large,››pDpηqn q´1›› ď Γnpf q››D´1n ›› ď 11
ln |n|
ř|n|
l“2
1
ln l
Ñ 0
as nÑ8, and the assertion follows. 
We have shown in [10] that if f is one of the diffeomorphisms con-
structed in [16] for α a UL number, then the Dpηq have compact resol-
vent. The same happens if α is Diophantine and f is any diffeomor-
phism of the unit circle with ρpf q “ 2α.
In order to construct the associated modular spectral triples, we have
to define the corresponding deformed commutators. For t :“ pt1, t2q P
R2, we define
ΣtpAq :“
ˆ
σωt1pAq 0
0 σωt2pAq
˙
.
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To simplify the analysis, we first suppose that A P M8, the set of the
entire elements of M , under the action of the modular group. For such
operators and for η P r0, 1s, we define zpηq :“ ´ıp1´ η, ηq and put
D
pηqpAq ” ı
“
Dpηq, A
‰
pηq
:“ ı
`
DpηqΣzpηqpAq ´ Σ´zpηqpAqD
pηq
˘
.
A straightforward computation yields
(7.1) DpηqpAq “ ı
ˆ
0 ∆η´1ω rL, As∆
´η
ω
∆´ηω rL
˚, As∆η´1ω 0
˙
.
Notice that DpηqpAq can be meaningful even if A is not an analytic ele-
ment. In the sequel, we assume (7.1) as the definition of the deformed
derivation for each η P r0, 1s.
Now we show that the deformed derivation in (7.1) provides suffi-
ciently many bounded operators.
Proposition 7.2. Let a P Ao2α. Then D
pηqpπωpaqq defines a bounded
operator acting on Hω ‘Hω.
Proof. We sketch the proof, and refer the reader to Section 9 and 11
of [10] for further details. We first note that it is enough to check
the assertion for the generators of Ao2α, and in particular for the one
step shift λ and its inverse λ´1. By considering the adjoints and all
η P r0, 1s, it is enough to check the boundedness for the following case,
obtaining››`∆η´1ω rL, λs∆´ηω g˘n›› ď |an´1 ´ an|Γ|n|pf q1´ηΓ|n´1|pf qη}g}.
By taking into account that |an´1´an| “ 1{Γ|n|pf q and Γlpf q{Γl˘1pf q ď
Γ1pf q, the assertion follows. 
Notice that, in [10] it is shown that Dpηqpπωpaqq uniquely defines a
bounded operator for elements a in a dense ˚-subalgebra of A2α, and
thus we can define (nontrivial) modular spectral triples associated to
the twisted Dirac operator Dpηq. Indeed, the modular spectral triple
satisfying (i)-(iv) in Definition 2.1 is given by
`
ωµ,A
o
2α,L
˘
η
, provided
Γnpf q “ oplnnq, which happens if f is a diffeomorphism constructed
according to Proposition 3.1 of [10] for a UL-number α, or if α is Dio-
phantine. For the latter case, the representation πωµ always generates
the type II1 hyperfinite factor R, whereas for the former the type is
determined by the ratio set r
`
R2α, rµs
˘
(or equivalently by r
`
f , rms
˘
)
if it is not of type II1. We also note that the D
pηq define ˚-maps on
their natural (common) domain:
D
pηqpπωpaqq
˚ “ Dpηqpπωpa
˚qq, η P r0, 1s, a P Ao2α.
34 FRANCESCO FIDALEO
We now show how the previously defined Fourier transform in Section
4 diagonalises Dpηq for η “ 0, 1, while the one defined in Section 6 di-
agonalises Dp1{2q. Indeed, denote F : Hω Ñ ℓ
2pZ2q one of the Fourier
transforms defined above. Then
`
F‘F
˘
Dpηq
`
F´1‘F´1
˘
provides her-
mitian matrices`
F ‘ F
˘
Dpηq
`
F
´1 ‘ F´1
˘
“
ˆ
0 Apηq`
Apηq
˘˚
0
˙
,
where the Apηq “
`
A
pηq
pk,lqprsq
˘
k,l,r,sPZ
are (infinite) numerical matrices
given, for η “ 0, 1{2, 1 and k, l, r, s P Z, by
A
p0q
pk,lqprsq “x∆
´1
ω Le
kl, ersy
A
p1q
pk,lqprsq “xL∆
´1
ω e
kl, ersy
A
p1{2q
pk,lqprsq “x∆
´1{2
ω L∆
´1{2
ω ǫ
kl, ǫrsy.
It is then enough to compute the right upper corners Apηq of
`
F ‘
F
˘
Dpηq
`
F
´1 ‘ F´1
˘
, obtaining
Proposition 7.3. For k, l, r, s P Z, we have@
∆´1ω Le
kl, ers
D
“pıl ´ akqy1{δkps´ lqδk,r,@
L∆´1ω e
kl, ers
D
“pıs ´ akqy1{δkps´ lqδk,r,@
∆´1{2ω L∆
´1{2
ω ǫ
kl, ǫrs
D
“´
`
ılδl,s ` a´k pδkpl ´ sq˘δk,r.
Proof. For the first equality, we get@
∆´1ω Lξkl, ξrs
D
“
ÿ
nPZ
pıl ´ anqδk,nδr,n
¿
dz
2πız
1{δnpzqz
´ps´lq
“pıl ´ akqy1{δkps´ lqδk,r.
The second one follows analogously.
The third equality follows after some computations. We first note
that @
∆´1{2ω L∆
´1{2
ω ǫ
kl, ǫrs
D
“ xLu˚klξω, u
˚
rsξωy.
Secondly, after some computations we get`
u˚klξω
˘
n
pzq “ f npzq´lδn,´k, n P Z, z P T.
We consider the elementary changes of variables
w :“ f ´kpzq, k P Z.
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For the first addendum of L, we getBˆà
Z
ız
d
dz
˙
u˚klξω, u
˚
rsξω
F
“ ıδk,r
¿
z
d
dz
`
f ´kpzq´l
˘
f ´kpzqs
dz
2πız
“´ ılδk,r
¿
w´pl´sq
dw
2πıw
“ ´ılδk,rδl,s.
For the second addendum, after the changes of variables as above and
(2.9), we getBˆà
nPZ
anI
˙
u˚klξω, u
˚
rsξω
F
“ a´kδk,r
¿
f ´kpzq´pl´sq
dz
2πız
“a´kδk,r
¿
w´pl´sq
w
f kpwqpDf ´kqpf kpwqq
dw
2πıw
“a´kδk,r
¿
w´pl´sq
wDf kpwq
f kpwq
dw
2πıw
“ a´kδk,r pδkpl ´ sq.
Collecting together, we obtain the assertion. 
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